Using the Eguchi-Kawai equivalence, we provide regularizations of supersymmetric quiver and Chern-Simons gauge theories which leave the supersymmetries unbroken. This allow us to study many interesting theories on a computer. As examples we construct large-N reduced models of supersymmetric QCD with flavor and the ABJM model of multiple M2 branes.
Introduction
Super Yang-Mills theories (SYM) have attracted much interests as leading candidates for physics beyond the standard model. To understand their nonperturbative aspects, one might expect lattice simulation to be useful as it happens in the usual non-supersymmetric gauge theories. However, it is generally difficult to realize SYM on lattices and consequently detailed numerical simulations have been performed only in lower (less than four) dimensions (see [1] for recent simulations of 4d SYM, and [2] for a review of lattice supersymmetry).
SYM's are also important because it is expected to provide a nonperturbative formulation of superstring/M theory at large-N [3, 4, 5, 6, 7] . In this context the relevant theories are SYM's in lower dimensional spacetime. In particular, (0 + 1)-dimensional theory can be analyzed on computer by using the non-lattice technique [8] (in this case lattice simulations are also possible [9] ) and a part of these conjectures has been confirmed by Monte-Carlo simulations in the strong coupling regime [10, 11, 12] . Chern-Simons gauge theories are also relevant in the context of superstring/M theory. In fact recently supersymmetric Chern-Simons gauge theories in three dimensions have been proposed as a description of the theory of multiple M2-branes [13, 14] . Since these theories describe membranes in their strong coupling regimes, numerical simulations appear to be a very useful tool. Unfortunately it turns out to be a very difficult task to study either Chern-Simons or supersymmetry on a lattice.
At large-N , it is possible to circumvent the lattice-SUSY problem by using the Eguchi-Kawai equivalence [15] . This construction guarantees that the large-N gauge theories are equivalent to the lower dimensional matrix models if a certain condition is satisfied. Recently this equivalence has been used to formulate 4d N = 4 SYM compactified on S 3 [16] . 4 In this construction, the BMN matrix model [20] around a certain multi-fuzzy sphere solution is argued to be equivalent, using the Eguchi-Kawai reduction, to 4d N = 4 SYM. (For evidence supporting the validity of this formulation, see [21] .) Given that the solution is BPS, it provides a regularization that preserve part of supersymmetry. Furthermore, given that one-dimensional system like the BMN model can be analyzed on computer, the previous formulation allows us to study 4d SYM using a Monte-Carlo simulation.
A natural question to ask is to which kind of theories it is possible to apply the Eguchi-Kawai equivalence. The generalization to 4d N = 1 pure SYM is quite straightforward, as discussed in [22] , using the matrix model analyzed in [23] . However, introducing fundamental matter, as will be explained in § 3, turns out to be a difficult task 5 . In this paper, we show that quiver and ChernSimons gauge theories can be regularized using the techniques of [16] . More specifically, in § 3 we construct the supersymmetric SU (N ) × SU (M ) gauge theory with bifundamental matter. Then, by sending the coupling constant of the latter gauge group to zero, we obtain a global flavor symmetry from this gauge symmetry, and as a consequence, this quiver gauge theory becomes supersymmetric QCD. In this construction both N c = N and N f = M K (K is the number of bifundamental matters) must be infinite, but the ratio N f /N c can be arbitrary. In § 4 we show that Chern-Simons theory, which is difficult to study on lattice, can also be formulated in terms of Eguchi-Kawai equivalence. For that purpose, we use a construction of the Chern-Simons theory using a generalization of Taylor's T-duality prescription [26] which is discussed in [25] . Combining this results with the technique of [16] the Eguchi-Kawai formulation can be obtained straightforwardly. 6 Furthermore combining the analysis for the quiver and ChernSimons theories, we are able to construct the ABJM theory [14] from a matrix model. This paper is organized as follows. In § 2 we review the basic ideas of the Eguchi-Kawai equivalence. First, in § 2.1, we explain the quenched Eguchi-Kawai model [28, 29] . Based on it, in § 2.2, we review the reduced model of SYM on S 3 [16] . In § 3 we generalize this technique to construct supersymmetric quiver gauge theories. In § 4 we formulate Chern-Simons theory in three dimensions along the line of [25] . Combining these results with the ones in § 3 we construct the Chern-Simons-matter theories which recently attracted much interest as the theory describing multiple M2-branes.
The basics of the Eguchi-Kawai reduction
In this section we review the Eguchi-Kawai equivalence [15] . In §2.1 we introduce the "quenched" version of the Eguchi-Kawai model [28, 29] , which is relevant for our purpose. In § 2.2 we use this technique to formulate large-N Yang-Mills on the three-sphere.
Quenched Eguchi-Kawai model
In the following we review the diagrammatic approach to the quenched Eguchi-Kawai model(QEK) [29] . The basic idea is that in the planar limit, Yang-Mills theory is equivalent to a matrix model around a suitable background. We will also consider QEK for compact space [16, 30] . In order to see clearly the difference between the compact and noncompact cases, we consider (analogously to [16] ) the simplest example first, namely the correspondence between a zero-dimensional matrix model and a matrix quantum mechanics.
As a simple example, we consider a matrix quantum mechanics with a mass term,
where
At large-N , this model can be reproduced starting from the zero-dimensional model
where Y and X i are N × N traceless Hermitian matrices. We embed the (regularized) translation generator into the matrix Y , By expanding Y around this background,
the Feynman rules of the one-dimensional theory, as we will see in the following, are reproduced at large-N . The action can be rewritten as
We add to it the gauge-fixing and Faddeev-Popov terms
Then, the planar diagrams are the same as the ones in the 1d theory up to a normalization factor. For example, a scalar two-loop planar diagram with quartic interaction (see Fig.1 ) is
−Λ/2 dp 2π
The essence of this expression is that the adjoint action of the background matrix can be identified with the derivative and the matrix elements of the fluctuations can be identified with the Fourier modes in momentum space. The corresponding diagram in the 1d theory is
where V ol is volume of the spacetime. Hence by interpreting Λ and Λ/N to be UV and IR cutoffs, those diagrams agree up to the factor Λ 2π · V ol. The other planar diagrams also correspond up to the same factor.
The nonplanar diagrams do not have such a correspondence, but in an appropriate limit they are negligible. In the 1d theory, by taking a planar limit they are suppressed by a factor N −2 . In the reduced model, they are suppressed if IR cutoff Λ/N goes to zero. To see this, let us calculate for example the two-loop nonplanar diagram in Fig.1 . It reads
which is suppressed by a factor (Λ/N ) 2 compared with planar diagrams. Therefore, by taking the limit
the 1d model on R is reproduced from the 0d model. If one wants to obtain the theory on a circle, it is necessary to fix the IR cutoff while suppressing nonplanar diagrams. This can be achieved by taking the background to be
and taking n 1 , n 2 and Λ to be infinity while fixing the IR cutoff Λ/n 1 [16] . 7 It turns out that in this setup the background is not stable. So, to make the expansion meaningful, we have to "quench" the eigenvalues of Y , i.e. we have to fix the background by hand. This is the reason for the name "quenched" Eguchi-Kawai model.
Eguchi-Kawai construction of Yang-Mills on S 3
Next let us construct the Yang-Mills theory on the three-sphere by using the Eguchi-Kawai equivalence. The essence of QEK is to find a background whose adjoint action can be identified with the spacetime derivative. So, the strategy is to find a set of three matrices whose adjoint action can be identified with the derivative on S 3 . Such matrices were found in [31, 16] . In the following we will show the derivation in a heuristic way.
YM on S 3
In this section, we express the action of Yang-Mills theory on R × S 3 in a form convenient for our purpose [16] . The radius of the sphere is taken to be 2/µ. The action of U (N ) SYM is given by
where λ 4d is the 't Hooft coupling constant, g µν (x) is the metric and g(x) is its determinant. The field strength is
The Greek indices µ, ν refer to the Einstein frame and the Latin indices to the local Lorentz frame. The sphere part of this geometry has the group structure of SU (2). Given this group structure, there exists a right-invariant 1-form dgg −1 and its dual Killing vectors L i , satisfying the commutation relation
Using the coordinates (θ, ψ, ϕ) defined by g = e −iϕσ 3 /2 e −iθσ 2 /2 e −iψσ 3 /2 , the vielbein E i can be expressed as
In these coordinates the metric is given by
The spin connection ω abc can be read off from the Maurer-Cartan equation,
and the Killing vectors are given by
The Killing vectors represent a complete basis for the tangent space on S 3 . Furthermore given that the vielbeins are defined everywhere on S 3 , the indices i can be used as a label for the vector fields and 1-forms. 8 By using the Killing vectors L i , the action can be rewritten as [16] 
where A i is defined in such a way that the 1-form of the gauge field on S 3 take the form A = A i E i , and dΩ 3 is the volume form of the unit three-sphere.
Eguchi-Kawai reduction
To construct matrices which represent derivatives on S 3 in a coordinate-independent way, it is useful to use the SU (2) group structure of S 3 . The Killing vectors (23) act on functions on S 3 ≃ SU (2), whose irreducible decomposition is 9
where V J is the space that the spin J representation acts on. In order to realize this representation as the adjoint action of the background matrices, we first embed the SU (2) generators into N × N matrices. We then introduce the matrices L i which satisfy the commutation relation of the SU (2) generators,
Since these matrices cannot be diagonalized simultaneously, we embed them in the following block diagonal form;
is a (2j s + 1) × (2j s + 1) matrix which acts on the spin j s representation. The size of the matrix N is
9 In general, for a compact Lie group G, a space of functions on G is decomposed as
where r runs over all the irreducible representations, Vr is a representation space and dr is its dimension.
We introduce a regularization by restricting the representation space to a limited number of j s . Furthermore we take the integer s satisfying
where T is an even integer. We introduce another integer P ≫ T and take j s to be
The large N limit is taken in the following way
To see how this prescription works, let us consider the (j,
acts from left and L [j ′ ] acts from the right. A Basis for this block is symbolically written as
It can be decomposed into spin |j − j ′ |, · · · , j + j ′ representations. Let's count the number of representations of each spin.
Spin 0 : T + 1, because it appears only when j = j ′ ≥ 0. 
Therefore the representation space, or equivalently the variables appearing in the matrix model, can be regarded as a set of T copies of the space of functions on S 3 . As J increase the number of copies decreases. In this sense T plays a role of a momentum cutoff. In this way matrix elements can be identified with the functions on S 3 , or in other words the propagators in the Feynman diagram agrees. However it is not apparent if this identification is consistent with the multiplication of the fields. (This is necessary in order for the interaction vertices to agree.) In [16] it has been shown that
is a sufficient condition for the compatibility with the multiplication. 10
10 Given that this condition force us to use very large matrix in a computer simulation, it would be nice if it could be relaxed. However this seems to be impossible because the eigenvalue distribution is not uniform without imposing T /P → 0, while the eigenvalues should be distributed uniformly in order for the quenched Eguchi-Kawai equivalence to work. One possible solution is to make the density uniform by putting fuzzy spheres with the same radii on top of each other and tune the number of copies to be proportional to the spin. We thank G. Ishiki for stimulating discussion on this point.
By using these matrices we can relate a matrix model to a gauge theory on S 3 , given by the action (24) . In order to do that, we consider the bosonic matrix quantum mechanics
where the constant C will be specified shortly. We then expand the action around a classical solution
and replace the trace and the spatial integral by a trace,
The UV and IR momentum cutoffs are given by µT and µ, respectively, and we will take the limit in such a way that
In order to match the diagrams completely, the coupling constant should be taken as [16] 
In other words, we have to multiply the dimensionally reduced action by an overall factor
This factor is analogous to the factor 2π/Λ in (3). Furthermore the four-dimensional 't Hooft coupling λ 4d should be scaled with the UV momentum cutoff µT . Finally we would like to add a few remarks. First, the background is a classical solution and hence as long as it is stable we do not need to quench it. Second, when we take the large-N limit fixing the IR momentum cutoff µ, in order to suppress the nonplanar diagrams it is necessary to change the background to
and take k → ∞ limit. Thirdly, this construction resembles the "twisted" Eguchi-Kawai model (TEK) [33] . In both cases the model is deformed by background flux terms so that noncommutative manifolds (fuzzy sphere for the former and fuzzy torus for the latter) become a classical solution, and the higher-dimensional theories are obtained as a fluctuation around these solutions.
Supersymmetry and stability of the background
So far we have discussed only bosonic theories. Strictly speaking the Eguchi-Kawai equivalence does not work in bosonic models because the background is unstable. This problem arises quite generally, not only in the QEK [34] , but also in the original reduction [28] and in the TEK [35, 36, 37] . As usual, supersymmetry can remove such an instability [38] . 11 The advantage of the construction explained in § 2.2 is that supersymmetry can be preserved manifestly [16] . That is, the reduced model is a supersymmetric matrix model and the background (28) is a BPS solution. Therefore we can expect the background to be stable at least at low temperature.
For another approach to the Eguchi-Kawai reduction in supersymmetric Yang-Mills with unitary variables, see [18] .
The Eguchi-Kawai model for quiver gauge theories
In [22] 4d N = 1 SYM without flavor is formulated by using the Eguchi-Kawai construction of [16] . In order to consider QCD, we have to introduce flavors into this model. However it is difficult to describe fundamental matter along this line. The reason is the following. Because the derivative on the sphere is identified to the commutator with matrix iµL i , the covariant derivative acting on the fundamental scalar ψ can be written as
The gauge field A i acts only from the left, and L i acting from the left can be identified with the background of corresponding field in matrix model, X i . However, the last term in the right hand side cannot be expressed as a matrix variable, since there are no field acting on ψ from the right.
(In other words it does not appear from the dimensionally reduced model). To circumvent this problem, we consider bifundamental matter. Then the covariant derivative becomes
In this case, both L i can be identified with the background of matrix variables and hence the technique of [16] can be applied. By taking the additional gauge coupling to be small, the gauge field B i decouples and we restore the fundamental matter.
Quiver matrix quantum mechanics and its quenched reduced model
As the simplest example let us start by considering the bosonic quiver quantum mechanics with gauge group SU (N ) × SU (M ), where N and M are taken to be infinity by fixing the ratio M/N . For simplicity we take M = km and N = kn, where k, m, n are integers, and then, we take the k → ∞ limit fixing m and n. We consider the following action
where φ is N × M matrix and the covariant derivative acts on it as
11 An attempt to avoid the instability in the bosonic framework can be found in [39] . Here A and B are gauge fields associated with SU (N ) and SU (M ), respectively. In this action, the field φ is rescaled such that scaling parameter in k → ∞ appears only in the overall factor, furthermore the parameters µ and g do not scale in this limit. This model is related to the reduced one via Eguchi-Kawai equivalence. The reduced model is given by
If we expand this action around
then this model reproduce the results of the original one.
As an example, consider the two-loop diagram shown in Fig. 2 . In the matrix quantum mechanics, it gives
while in the reduced model it is
Therefore we can see the correspondence as in § 2.1, up to the same factor (Λ/2π) · V ol. The generalization to other diagrams is straightforward.
Bosonic quiver gauge theory in four dimensions
Let us start by considering the bosonic quiver gauge theory with SU (N ) × SU (M ) gauge group. As in the previous subsection, we take the limit N, M → ∞ with M = km, N = kn, k → ∞ and m, n kept fixed. (As we will see, in terms of QCD with fundamental matter, this means N c , N f → ∞ with N f /N c fixed.) Let us consider the action
where F µν and G µν are field strength of SU (N ) and SU (M ) gauge fields A µ and B µ ,
and φ I (I = 1, · · · , K) are N × M complex matrices on which the covariant derivative acts as
We take the mass matrix m IJ to be hermitian.
In the Maurer-Cartan basis, the matter part of the Lagrangian reads
The gauge part is the same as (24) for each gauge group. By reducing the spatial dimensions to a point, we obtain
where X i and Y i are N × N and M × M scalar matrices which are obtained from A i and B i . We take the background to be multiple of the background (28) as in (43),
where the size of L i is k × k. Then, it is straightforward to see that the Eguchi-Kawai equivalence works around this vacuum. By taking g 2 B k to be zero, SU (M ) reduces to (a part of) a global "flavor" symmetry. The number of flavors turns out to be N f = M K, and the ratio N f /N c can be arbitrary finite value.
Supersymmetric quiver gauge theory in four dimensions
We consider a quiver theory without superpotential. (incorporation of the superpotential is straightforward.) In this section we use the notation of Wess-Bagger's textbook [40] .
The action is given by
where ψ I and φ I belong to (N,M ) representation as in the previous subsection. (Strictly speaking other multiplets are needed in order to cancel the gauge anomaly, but we omit them for notational simplicity. The modification is straightforward.) We notice that the last term is analogous to a mass term of adjoint scalars in 4d N = 4 on S 3 . The supersymmetry transformation is
Here the supersymmetry transformation parameter ǫ satisfies
The dimensionally reduced model is obtained by rewriting the action in the Maurer-Cartan basis and then by reducing the spatial dimensions. It is important that the parameters of the supersymmetry transformation depends only on t in this basis
Consequently the dimensional reduction of spatial dimensions does not affect supersymmetry. By dimensionally reducing the spatial directions we obtain the matrix quantum mechanics
The supersymmetry transformation reduces to
where ǫ is time-dependent
It turns out that the background (62) preserve this supersymmetry. By expanding the matrix model around this background we recover the original 4d theory. Notice that we have to renormalize the bare 't Hooft couplings g 2 A N and g 2 B M appropriately in the continuum limit. Generalizations to more complicated quiver theories are straightforward. We emphasize that the equivalence works only when the field theory does not has gauge anomalies, because we assumed implicitly in the proof.
The emergence of the chiral anomaly is a long standing problem in Eguchi-Kawai models. This problem exists in the present case too -the chiral symmetry seems kept in the reduced model. The chiral symmetry should be broken by some effect. Here, we do not pursue this direction, but just assume the presence of such an effect. One possible way to find it is to consider the chiral anomaly in the noncommutative space (concentric fuzzy spheres).
The Eguchi-Kawai model for Chern-Simons gauge theories
In this section, we consider the Eguchi-Kawai model of three dimensional Chern-Simons gauge theories. In a similar fashion to the YM cases, we can obtain matrix models which have a fuzzy sphere as a classical solution. Quivers can be introduced into this construction as in the previous section. We consider the ABJM model [14] as an example.
Bosonic case
Let us start with the bosonic Chern-Simons with U (N ) gauge group. The action is
where k is an integer. On the three-sphere of radius 2/µ, by using the Maurer-Cartan basis, this action can be written as [25] 
Dimensionally reducing it, we obtain
This theory has a classical solution
It is easy to check that the 3d action (74) is obtained from (75) by taking the background (28) and using the mapping rule given in § 2.2.
ABJM theory
The previous construction can be easily promoted to supersymmetric Chern-Simons theory. As a concrete example, let us formulate the ABJM model, which gives a description of the multiple M2-branes theory [14] (see also [41] ). In the following we take the gauge group to be U (N )×U (M ). When this model is put on the three sphere, an additional mass term must be added in order to keep supersymmetry. The model is given by
Here A µ and B µ are gauge fields of U (N ) and U (M ) groups, respectively. Bifundamental matter fields φ α , ψ α (α = 1, · · · , 4) are in the (N,M ) representations and the covariant derivative D µ acts as
and similarly for ψ α . We have rescaled these matter fields in such a way that the Chern-Simons level k appears only in the overall factor. The supersymmetry transformation is 
Conclusion and Discussions
In this paper we have applied a recently proposed large-N reduction technique [16] to supersymmetric quiver and Chern-Simons theories. As concrete examples we have constructed the SU (N ) × SU (M ) supersymmetric quiver gauge theory with bifundamental matter fields and the ABJM model of multiple M2 branes. Furthermore, by taking one of the gauge couplings to be small in the supersymmetric quiver gauge theory we obtain SU (N ) supersymmetric QCD with flavor. In this construction both N c and N f are infinite but the ratio N f /N c can take any value. Therefore this construction provides us with a valuable tool to study the dynamics of supersymmetric QCD, e.g. supersymmetry breaking, Seiberg duality conjecture [42] , etc.
The reduced model of the ABJM theory will be useful to study the AdS/CFT correspondence numerically. Of particular interest is the strong 't Hooft coupling region that is expected to describe type IIA string on AdS 4 × CP 3 . This region can be studied by using the Eguchi-Kawai equivalence. It turns out that the parameter region where k is smaller than O(N ) is also important to obtain insights into M-theory. Thermodynamical properties are also interesting. For these reasons it is still valuable to study a lattice formulation which is valid at finite-N and can be put at finite temperature. For references in this direction, see e.g. [43] . We expect that these models have the sign problem, unlikely to the reduced model for 4d N = 1 pure SYM [22] . This problem possibly make it difficult to study these models numerically. At finite temperature, however, the sign problem might be mild, similarly to the case of the maximally supersymmetric matrix quantum mechanics [10] . It is important to study by direct simulation how severe the sign problem is.
Although inherently restricted to the planar limit, the Eguchi-Kawai equivalence can be a powerful tool to explore the dynamics of supersymmetric gauge theories. Numerical studies on these models will be reported in future communications.
